5 December, 1997 
OU-HET 285 
hep-th/971205l 



t> ! Renormalization Group Flow near the 

Superconformal Points in N = 2 Supersymmetric 



o 

Q 

oo 



o 

(N 
On 



Oh 



X 



Gauge Theories 



*> ■ Takahiro Kubota ft and Naoto Yokoi @ 



Department of Physics, Osaka University 
Toyonaka, Osaka, 560 Japan 



Abstract 

The behavior of the beta-function of the low-energy effective coupling in the N = 2 
supersymmetric SU(2) QCD with several massive matter hypermultiplets and in the 
SU (3) Yang-Mills theory is determined near the superconformal points in the moduli 
space. The renormalization group flow is unambiguously fixed by looking at limited 
types of deformation near the superconformal points. It is pointed out that the scaling 
dimension of the beta-function is controlled by the scaling behavior of moduli param- 
eters and the relation between them is explicitly worked out. Our scaling dimensions 
of the beta-functions are consistent in part with the results obtained recently by Bilal 
and Ferrari in a different method for the SU(2) QCD. 
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1. Introduction 

Among many developments that have taken place after the work of Seiberg and Witten 
[1] on the N = 2 supersymmetric Yang-Mills and QCD theories (see Ref. [2] for 
reviews), one of the most intriguing is the existence of the superconformal symmetry. 
This symmetry is expected to be realized at some particular points in the moduli space 
(superconformal points) where massless particles with mutually non-local charge exist. 
This has been observed in 577(3) gauge group without matter hypermultiplet [3], and 
in 577(2) with massive hypermultiplets [4] and variations thereof. There have been a lot 
of strong evidences for the existence of such interacting non-trivial superconformal field 
theories, in particular on the basis of the representation theory of the superconformal 
algebra. The classification of the superconformal points in the general SU(N C ) gauge 
group has also been done [5]. 

In conventional field theory techniques, the most straightforward way of examining 
the conformal invariance is to study the behavior of the beta-function or the renor- 
malization group flow. Although there have been several attempts [6-8] to derive the 
beta-function in the Seiberg- Witten theories, the idea of the renormalization group 
flow is yet to be investigated in more details. In the present paper, we will inspect the 
behavior of the beta-function near the superconformal points by fitting the renormal- 
ization group idea a la Wilson in the Seiberg- Witten theories. 

In the Wilson type renormalization group, we start with an ultra-violet cut-off 
scale, say, M and with another intermediate energy scale M. We then integrate 
out all dynamical degrees of freedom in the momentum space between M and M. 
The effective Lagrangian contains only a few relevant interaction terms. In the case of 
Seiberg- Witten theory with the SU (2) gauge symmetry broken to U (1), the low-energy 
effective theory is described by the N = 2, U(l) gauge field multiplet (W a , A); 



The function r(A) is expressed as the second derivative of the prepotential, t(A) = 
d 2 J r (A)/dA 2 . The bosonic part of t(A) is related to the gauge coupling g 2 and the 
vacuum angle 6 via 



where a is the vacuum expectation value of 0, being the scalar component of the 
gauge multiplet. If we include Nf matter hypermultiplets with bare masses rrij, (i — 




(1) 
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1, • • • , Nf), t becomes a function of u/A 2 and m^/A. Here A is the QCD dynamical 
mass scale and u is the expectation value Tr(0 2 ). Seiberg and Witten have determined 
r(u/ A 2 ,rrii/ A) completely on the basis of the elliptic curves. 

We are now interested in the linear response under the change of the energy scale 
M. The moduli parameters u and rrii are in principle dependent on this scale M on 
the non-perturbative level. The low-energy Seiberg- Witten action does not seem to be 
telling us anything about the procedure of integrating out the dynamical degrees of 
freedom between M and M. Near the superconformal points, however, we can still 
think of consistent renormalization group flows and discuss various critical exponents. 
Argyres et al. [4] in fact considered consistent deformations near the superconformal 
points in the SU (2) QCD case and have determined the scaling dimensions of u and mj. 
In their recent interesting papers [9], Bilal and Ferrari pointed out that the behavior 
of the beta-function near the superconformal points is constrained by the eigenvalues 
of monodromy matrices. They found a relation between the scaling dimensions of the 
beta-function and u. In this paper we will study the behavior of the beta-function near 
the superconformal points in a more direct method. Our approach goes along the line 
of Argyres et al. [4] and is more straightforward than that of Bilal and Ferrari [9] . 

In some of the literatures we sometimes find a conjecture that the exact relation 
found in [10] between the moduli parameter u and the derivative of the prepotential JF 
with respect to the QCD dynamical scale A, i.e., A(dJ r / dA) might have some relevance 
to the renormalization group idea. In fact in the weak coupling region, the A-derivative 
of the coupling r(u/A 2 ,mi/A) coincides with the coefficient of the beta-function. As 
we will see shortly, however, in the strong coupling region, there is no guarantee that 
the flow under the change of the energy scale M and the A-derivative of t(u/A 2 , m^/A), 
or T are directly connected. 

2. Renormalization Group Flow 

Let us begin with the elliptic curves in the SU(2) gauge group with several matter 
hypermultiplets (Nf = 1,2,3). They are given the following structures [1]; 



y 2 = x 2 (x - u) + P Nf (x,u,mi,A), 



(3) 



where 



Pi 




(4) 
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Ill 

P 2 = -—A 4 (x-u) + -A 2 m 1 m 2 x-—A 4 ( y m 2 1 +m 2 2 ), (5) 

P 3 = —±-A 2 (x-u) 2 - ^k\x-u)(m\ + ml + ml) 

+ -Amim 2 m 3 i — — A^m^m 2 , + m\m\ + m^m 2 ). (6) 

We will use the same notation A for the dynamical QCD scale for each case of different 
flavor numbers Nf, assuming that there will be no confusion. 

Now we can put these curves into the Weierstrass form by changing the variables 
as y = Y/2 and x = X + const., i.e., 

Y 2 = 4(X- ei )(X-e 2 )(X-e 3 ), (7) 

where e\ +e 2 + e 3 = 0. According to Seiberg-Witten theory, the coupling in (2) is given 
a very simple expression in terms of an integral over the two homology cycles, i.e., 

da(u,m i: A) V2 r dX V2 1 

d~u = 4^1" (8) 

da D (u,mi,A) ^ r dX .^2 1 

¥u = 4^1 T = t 2^V^Ts { } - (9) 

Here the homology cycle 71 (72) is defined as the one encircling the two points e 2 and 
e3 (ei). The function K{k) is the complete elliptic integral of the first kind [11], i.e., 

Kjk) = l\ . 1 =, (10) 

and we have also introduced 

k 2 = 6 -^ ) (11) 
ei - e 3 

and k' 2 = 1 — k 2 . In fact the coupling in Eq. (2) is a simple function of a single variable 
k 2 , i.e., 

{ u_ mA _ da D (u,mj,A) / da(u,mj,A) _ . K{k') 

r U 2 ' A)~ du I du ~ l K{k)- l j 

The superconformal points are expected to exist where the cycles shrink simulta- 
neously. They are given by setting 

e 1 = e 2 = e 3 = -(e 1 + e 2 ) = 0. (13) 

We will denote these points generically by (u*/A 2 ,m*/A). In order to argue that the 
points (m*/A 2 , m*/A) are actually the superconformal points, an intuitive argument 
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usually goes in the following way. Suppose that we change the renormalization scale 
M continuously and that (u / A 2 , / A) moves towards one of these points. If u/A 2 
and vriij k move in such a way that k 2 also goes towards some definite number. Eq. 
(12) then shows that the coupling r(-u/A 2 , m^/A) approaches some definite number 
independent of any mass scale. This means that the coupling ceases to move there and 
the theory becomes scale-invariant. 

This argument may be phrased in the following manner. Let us define our "beta- 
function" 



„( u rrii\ , , d ( u 



l du ' V ' mi dmJ VA 2 ' A 
Here we have introduced two basic quantities 



In 


= M a d ( 


' u 


A 2 




vA 2 ", 




- M BM^ 


'mi 


T 




v A 



(15) 
(16) 

These are analogous to anomalous dimensions of u/A 2 and m^/ A, respectively. 

We are interested in the behavior of the beta-function near the superconformal 
points, and we introduce a critical exponent of the beta-function or r(-u/A 2 , m^/A) in 
the infrared limit 

KA^T)~ const - (Mo/M) ~ P ' (17) 



or 



<91og(r-r*) 

p = lim M ^ — - — — — , 18 
alogM 

where we denoted t(u*/ A 2 , m*/A) by r*. Since r(-u/A 2 , mj/A) is a function of /c 2 alone, 
Eq. (18) may be put into 

glog(A; 2 - A;* 2 ) 

P = hmM - > ° MogM ' (19) 

where k* 2 is the value of k 2 at the superconformal point. We now study the exponent p 
in the SU(2) QCD with N f = 1, 2, and 3 flavors and also in the SU(3) pure Yang-Mills 
theory. 
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3. SU(2),N f = 1 case 



In the simplest Nf — 1 case, the solutions to Y 2 = for the elliptic curve given by (3), 
(4) and (7) turn out to be 

ei = Kf^ + f^l (20) 



3 



K^r+^f^), (2i) 



e 2 



3 

e 3 = i(o;Vi /3 +^/- /S )- (22) 



Here u> = exp(27ri/3) and we have introduced f± defined by 
J 8 128 




9 27 

/4 M 3_ 4m 2 M 2 mA 3 u H A 6 + 4m 3 A 3 . (23) 

16 V 2 64 y J 

The superconformal invariance is expected to exist at the points where mutually 
non-local charges are present. They are obtained in this case by imposing (13), or 
equivalently by taking the limit f± — > 0. More explicitly, they turn out to be 

u* m*\ /3 3\ /3 3 2 \ /3 , 3 \ 

As a matter of fact, the function r(-u/A 2 ,m/A) is ambiguous in general when 
(■u/A 2 ,m/A) is going to one of these points. Eq. (11) shows that k 2 is in fact 0/0. The 
renormalization group flow should be such that the motion of (w/A 2 ,m/A) under the 
change of M conspires to give some definite numbers to k 2 and r(u/A 2 , m/A). While 
the motion of (-u/A 2 , m/A) is dictated by (15) and (16), their explicit forms are not 
known to us. The information of the two basic quantities, (15) and (16), all comes from 
the high energy content of the theory. This is also the case with the limits of k 2 and 
t(u/A 2 , m/A). Their derivation starting from first principles is of course an important 
problem. 

In the following, however, we get around this problem by making use of the method 
of Argyres et al [4]. What they did amounts to the following. Let us parameterize the 
deformation from the superconformal points by setting 

=4=^ = (25) 
= D[t~ a + D 2 t~P. (26) 



A 2 
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Here two numbers a and (3 will be called scaling dimensions of m and u, respectively. 
The flow (u/A 2 ,m/A) is parameterized by "time" t, and the limit t — > +00 drives 
the point (u/A 2 ,m/ A) towards one of the superconformal points. Argyres et al. have 
shown that one can adjust k 2 to any value, say, k* 2 by fine-tuning if and only if we 
choose (3 = 3a/2 and D x = D[. 

Let us now go one step further to identify the "time " variable with M /M. The 
large time limit corresponds to the infrared limit t = M /M — > +00. We mean by 
this that the flow of the moduli point (u/ A 2 ,m/ A) under the change of t is the only 
possibility of the renormalization group flow. This identification immediately enables 
us to derive the formulae for (15) and (16), i.e., 

7™ n ( m-m* \ . . 

T = a \ a > ( 27 ) 



A V A 

7u 3 / u u* \ 1 (m-rrf\ 

T 2 = 2 a hH-2 a HH- (28) 

The beta-function can thus be evaluated by looking for various possible deformations 
around superconformal points. 

With the ratio (3 = 3a/2, Eq. (11) becomes the following form near the supercon- 
formal points 

k 2 - k* 2 = const.r a/2 . (29) 
Thus we can immediately conclude that the critical exponent p becomes 

p = l -a. (30) 

If we normalize the critical exponent of a(u, m, A) to be unity, the exponent a should 
be set equal to 4/5 and thus we have p = 2/5. This result agrees with the corresponding 
quantity obtained by Bilal and Ferrari [9]. 



4. SU(2),N f = 2 Case 



The calculational steps discussed in the Nf = 1 case go through in the Nf = 2 
well with little modification. If we set the masses of hypermultiplets equal, m\ = m 2 , 
we can expect higher criticality. In the following, we will keep our argument as general 
as possible and we introduce 

m = \(m 1 +m 2 ), C 2 = \{m 1 - m 2 ) 2 , (31) 
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instead of mi and m 2 . 

We have now three parameters, u, m and C 2 , while the condition for the super- 
conformal points, Eq. (13), gives only two constraints. This indicates that the super- 
conformal invariance is expected to exist along a line of complex-dimension one in the 
moduli space. In order to scrutinize the one-dimensional line, let us rewrite the elliptic 
curve in the form Y 2 = 4(X 3 + fX + g), where 





(j = { u l - I I ) u + I u - ) m 2 A 2 



—A 2 u + —A 4 ) C 2 . (33) 
24 64 J y ' 

The point (u*/A 2 , m*/A, C|/A 2 ) on the line is the solution to the equations / = 
and g = 0. The analysis of the scaling dimensions goes exactly in the same way as 
in the Nf = 1 case for generic values of (u*/A 2 , m* / A, C^/A 2 ) on the line. Something 
peculiar happens, however, if we impose a further condition C| = 0, namely, at the 
points 

u* m* C* 2 \ /3 1 „\ /3 1 



, b>-o>° ■ ( 34 ) 



,A 2 ' A ' A 2 J V8' 2' /' V8' 2' 

Here the two masses, mi and m 2 , are set equal, and the first derivatives of the function 
g with respect to m and u both vanish. The scaling behavior at this particular point 
differs from other points and we would like to concentrate ourselves upon the point 
(w7A 2 ,m7A,C 2 7A 2 ) = (3/8,1/2,0) hereafter. 

We use again the limiting procedure of Argyres et al. which is in this case put in 
the following form 

m ~ m * = D 3 r°, (35) 



A 

u — u* 



D' 3 r a + D 4 t~P. (36) 



We should equally consider the deformation C 2 — C 2 , whose contributions are, however, 
always sub-leading and need not be considered in the following discussions. 

We require again that k 2 can be sent to a generic value k* 2 in the limit t — > oo. 
This is possible if and only if f3 — 2a and D 3 = D' 3 . As we did before identification 
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t = Mq/M gives us immediately expressions of 7 M and j m . 

7m frn - 



7 ™ af^l, (37) 



7u f u-u* \ f m-m* \ 
Putting (35) and (36) into Eq. (11), the infrared behavior of k 2 is approximated as 

This shows us the relation of scaling dimensions 

p = a. (40) 

The normalization of the scaling dimension of a(u, to*, A) being equal to unity leads 
us to the relation p = 2/3, which agrees again with the results obtained by Bilal and 
Ferrari [91. 



5. SU(2), N f = 3 Case 

Let us turn to the Nf — 3 case. We consider the combination of the bare masses of 
matter hypermultiplets 



d i=i i=i i=i 



(41) 



instead of mi, m 2 and m 3 . In terms of these, the elliptic curve given by (6) and (7) is 
put into the form Y 2 = 4(X 3 + j'X + g), where 

2^1 2 /Ax/ A \ 2 



-^Hi)+(i) 2 H(iH 



(42) 



2 r /a 

9 = "= 



1 



A 



}{-T(t))-3(pv-r 

2 (l) ( m -?) 2 { m + 5(? 



2mC 3 - ~ 2 



4 



(43) 
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The condition (13) for the superconformal invariance to exist is given by the solu- 
tions to the equations / = and g = 0. These equations define a surface of complex- 
dimension two in the moduli space. The analysis of the scaling dimensions goes in a 
similar way on the generic point on the surface, as was done in Nf — 1 and Nf = 2 
cases. As we realize rather easily from the expression of (42) and (43), however, a 
different type of scaling is expected at 



u* m* CI C 3 *\ /ll 



,0,0 . (44) 



A 2 ' A ' A 2 ' A 3 7 V32' 8 

Actually, the first derivatives of / and g with respect to u and m all vanish, and the 
critical behavior becomes different. 

Let us restrict ourselves to this particular point (44) and we again parameterize the 
deformation around (44), i.e., 



m — m 
A 

u — u* 



~- D 5 t~ a , (45) 
A2 = D' 5 t~ a + D'lrP + D,t~\ (46) 

The deviations C2 — C| and C3 — C\ should also be given due consideration, but they 
will turn out to be irrelevant to our following consideration. 

Suppose that we would like to be able to tune the value k 2 to a generic number 
k* 2 . This is possible if and only if D' 5 = 3D 5 /8, D'l = D 2 , (3 = 2a, and 7 = 3a. As a 
record, we write down the functional form of 7„ and 7 m in this case; 

7m fm-m 



= -Hi-). w 



lu „ fu-u*\ 3 fm-m*\ fm-m*\ 2 

a 2 = H~i^)--A-^)- a {-^) ■ (48) 

As we did before, we put (45) and (46) into Eqs. (20)- (23) and we find the leading 
behavior of k 2 near its value k* 2 at superconformal points 

k 2 - k* 2 = const.r a . (49) 

This shows us the relation 

p = a. (50) 

The scaling dimension of a(u, A), 2a being set equal to unity, we get p = 1/2. This, 
however, differs from the corresponding result of Bilal and Ferrari [9] by factor 2. We 
are not quite sure of the origin of this discrepancy. 
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6. The £77(3) Yang-Mills Theory 



Finally let us come to the case of 577(3) gauge group broken to U (1) x U(l) in the N = 2 
super symmetric pure Yang-Mills theory. In this case we begin with the hyper-elliptic 
curve [12-14] with two moduli parameters, u and v, 

6 

y 2 = (x 3 -ux-v) 2 -A 6 = l[(x-e i ). (51) 

i=i 

The branch points are given by 

ei =/ 1+ + /!_, e 4 = / 2+ + / 2 _, (52) 

e 2 = + ^ 2 /i-, e 5 = w/ 2 + + w 2 / 2 _, (53) 
e 3 = ^ 2 /i+ + w/i-, e 6 = w 2 / 2 + + w/2-, (54) 



where = exp(27ri/3) and our other notations are 



1/3 



A± = 2- 1 / 3 <|(t;-A 3 )± t /(t;-A3)2- A M 3| > (55) 

1/3 



/ 2± = 2^/ 3 |(t; + A 3 )±^ + A3)2- ± U 3| . ( 56 ) 

The low-energy coupling r* J is given in terms of 2 x 2 matrices 

r <J ' = B.A-\ (57) 

where 

d v ai dud! \ B = ( 9 " a ^ | (58) 

d„a 2 <9 u a 2 y y 9„a|, d u a 2 D J 

One can get the explicit form of each matrix element of A and B from the exact 
solution, to find 

da,i a/2 r xdx dai y/2 r dx . . 

du An fa, y ' dv An Ta t y ' 

da l D \pl r xdx da l D \[2 r dx 

<9w Arc T/3 t y ' <9t> An Jpi y 

We will use the same definition of the cycles a, and /3j as was used by Argyres and 
Douglas [3]: The «i (f3\) cycle is the one encircling and e 2 (ei), and the a 2 (/3 2 ) 
cycle the one encircling and e$ (e^). 
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Let us think of a special situation in which massless particles with mutually non- 
local charge appear. This situation corresponds to the existence of superconformal 
symmetry and is realized if a\ — a} D — 0, or a 2 — a 2 D — 0. In other words, two points 
(u*/A 2 , t>*/A 3 ) = (0, ±1) are nothing but the superconformal points. Without losing 
generality, we confine ourselves to only one of the two, namely, (u*/A 2 , t>*/A 3 ) = (0, 1). 
The branch points, Eqs. (52)-(54), for this particular choice of u and v turn out to be 

e\ = e\ = e\ = 0, (el e*, e*) = 2^(1, u, to 2 ). (61) 

We would like to analyze the behavior of in the vicinity of this superconformal 
point. By changing integration variables in (59) and (60), we get a more useful form 
amenable to further analysis. 

den V2 4 



dv 



4:71 \f(e 2 - ei)(e 4 - e 2 )(e 5 - e 2 )(e 6 - e 2 ) 
x f\ - 1 (62) 

gai V2 4 

du 47r y/(e 2 - ei )(e 4 - e 2 )(e 5 - e 2 )(e 6 - e 2 ) 

Jo J a - a(i - k 2 e){i - ^aa - * 5 £ 2 )(i - 



where k 2 = (e 3 — e 2 )/(ei — e 2 ) and Si = (e 3 — e 2 )/(ej — e 2 ), (i = 4,5,6). We obtain 
d v a\), and d u a l D in a similar way by exchanging e± and e 2 . In other words, k 2 and 5, 
in (62) and (63) should be replaced by k' 2 = 1 — k 2 , and = (e 3 — ei)/(ej — ei), 
respectively. 

The above concise expression enables us to evaluate the infrared behavior of (59) 
and (60) near the superconformal point by setting k 2 — > k* 2 , k' 2 — > k'* 2 , Si — > 0, and 
3 - 0, i.e., 

vrA^^if^j^^' ^ — * ^7f^f K(A;,) ' (64) 

^7 -> °' aT °" (65) 

Eq. (64) is reminiscent of the SU(2) case, Eqs. (8) and (9). Let us now have a closer 
look at the limiting behavior (64) and (65) near the superconformal point, following 
the argument of the work of Argyres et al [4]. We consider the deviation from the 



12 



superconformal point by introducing a parameter t, i.e., 

^ = £ ' r <\ ^ = *y-". (66) 

The ratio of the exponents /3/a should be determined in order that the coupling r 11 
should go to a generic value. This condition provides us uniquely with f3 = 3a/2. 
Plugging this result, one can evaluate the asymptotic behavior of each integral, i.e., 

ir ~ ^-7^{ K(k) + ° (t ^< (67) 

d 4 ~ ^^^ ,)+ ° (r3 ° /2) ^ (68) 

;,U[ ~ o(r Q / 4 ), (69) 



(9-u 

^ ~ 0(r a / 4 ). (70) 
aw 

In the same way, the other integrals associated with the bigger homology cycle turn 
out to be 

= {h + 0(t- a )} : (71) 
= {l 2 + 0(r a )}, (72) 
{Ji + 0(r a )}, (73) 

{j 2 + 0(r a )}, (74) 

where 

h = f\ . 1 (75) 

y ° v /(i-e)(i-^ 2 )(e + ^) 3 

Jx = f\ . 1 (76) 

Here our notations are £ 2 = —u, and /c = — One can also obtain the expressions 
of li and J2 by replacing £ 2 and k in (75) and (76) by £' 2 = 1 — £ 2 = —oo 2 and 
k' = 1/{uj 2 — 1), respectively. Simple relations I2 = I* and J2 = J* immediately 
come to our notice, because of £' = £* and k' — k*. It is also amusing to see that the 
evaluation J2/J1 = J*/Ji is analytically possible, i.e., J2/J1 = (1 — v / 3i)/2. 



da 2 


V2 


4 




dv 




-e?)(eS- 


eg) 


da 2 D 




4i 




dv 


47r 


-e5)(eg- 


el) 


da 2 




4 




du 




-e?)(eg- 


eg) 


da 2 D 




4i 




du 


47r 


-e?)(eg- 


el) 
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By using the above asymptotic form of the integrals (67)-(74), we have analyzed the 
asymptotic behavior of the effective coupling r % K Our final result is as shown below: 



r 11 = i 



K(k') 
K{k) 



+ 0(r a/2 ), (77) 



,22 _ • in/6 \ , n n-a/2 



r = ie 



(£) + 0(t - 

= e l7r/3 + C(r a/2 ), (78) 
r 12 = r 21 = 0{t- a ' A ). (79) 

We are thus led to conclude that the slope parameters of the beta-function associated 
with the coupling r u are 

p = a/2 for r 11 and r 22 , (80) 
p = a/A for r 12 and r 21 . (81) 

The exponent of a\ being unity as in the SU(2), Nf = 1 case, a should be set equal to 
4/5. This leads us to p = 2/5 for r 11 and r 22 , and p = 1/5 for r 12 and r 21 . 

The difference between r 11 and r 22 is that, while the infrared limit of r 22 has been 
determined by (78) uniquely, the value of r 11 at the superconformal point is not : the 
value of r 11 there depends on the coefficients E 1 and E 2 in (66), whose determination 
belongs to procedure of integrating out the high-energy content of the theory. These 
facts could be connected with the observation that U(l) gauge theory with coupling 
t 11 is an interacting non-trivial superconformal field theory, while U(l) gauge theory 
with coupling r 22 is a free trivial one. 

Argyres et al. claim that the superconformal field theory considered in the present 
Section i.e., with SU(3) pure Yang-Mills theory is the same (1, 1) type as that of the 
superconformal field theory of SU(2) QCD with one flavor. Our result involving the 
scaling dimension of r 11 is a non-trivial check of their argument. 



7. Summary and Discussions 



In the present paper we have investigated the renormalization group flow near the 
superconformal points in SU(2) QCD and SU(3) pure Yang-Mills theory. We have 
determined the slope parameter (18) of the beta-function, which agrees partly with 
results obtained previously by Bilal and Ferrari in a different method. 
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As we mentioned briefly in Introduction, there have been a lot of elaborate works 
on the renormalization group equation in the Seiberg-Witten theory [6, 8, 15]. It has 
been often argued in literatures that taking the derivative of r with respect to the 
QCD dynamical scale A reproduces the correct beta-function in the weak coupling 
region. Since the coupling r in the SU(2) case is a function of u/A 2 and m^/A, the 
beta-function in the weak coupling region turns out to be expressed by 

OA VA 2 'A/ \ du Y 5m J \A 2 A / v ; 

This indicates that our two basic quantities 7 M and 7 m , used extensively in our work 
are given in the semi-classical region by 2u and m,, respectively. In the strong coupling 
region, on the other hand, we have successfully determined the functional form of 7 U 
and 7 m j from the consistency argument. We have, however, no convincing way to obtain 
■y u and 7 m j in the whole region of the moduli space. The procedure of integrating out 
the high energy content of the theory above M have hidden the information of the full 
M dependence of u and mj. The point of our work is that, despite the lack of the full 
information of the M-dependence, we are still able to determine the renormalization 
group flow near the superconformal point by looking for possible deformation thereof. 
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